Abstract. Let X be an (8k + i)-dimensional pathwise connected CW-complex with i = 1 or 2 and k ≥ 0, ξ be a real vector bundle over X. Suppose that ξ admits a stable complex structure over the 8k-skeleton of X. Then we get that ξ admits a stable complex structure over X if the Steenrod square
Introduction
First we introduce some notations. For a topological space X, let Vect C (X) (resp. Vect R (X)) be the set of isomorphic classes of complex (resp. real) vector bundles on X, and let K(X) (resp. KO(X)) be the reduced KU-group (resp. reduced KO-group) of X, which is the set of stable equivalent classes of complex (resp. real) vector bundles over X. For a map f : X → Y between topological spaces X and Y, denote by f * u : K(Y) → K(X) and f * o : KO(Y) → KO(X) the induced homomorphisms. For ξ ∈ Vect R (X) (resp. η ∈ Vect C (X)), we will denote byξ ∈ KO(X) (resp.η ∈ K(X)) the stable class of ξ (resp. η). Moreover, we will denote by w i (ξ) = w i (ξ) the i-th Stiefel-Whitney class of ξ, p i (ξ) = p i (ξ) the i-th Pontrjagin class of ξ, c i (η) = c i (η) the i-th Chern class of η, ch (η) the Chern character ofη.
In particular, if X is a smooth manifold, we denote by w i (X) = w i (T X) the i-th Stiefel-Whitney class of X, p i (X) = p i (T X) the i-th Pontrjagin class of X, where T X is the tangent bundle of X.
It is known that there are natural homomorphisms r X : K(X) → KO(X) the real reduction, c X : KO(X) → K(X) the complexification, which induced from r X : Vect C (X) → Vect R (X) the real reduction, c X : Vect R (X) → Vect C (X) the complexification, respectively. Let ξ ∈ Vect R (X) be a real vector bundle over X. We say that ξ admits a stable complex structure over X if there exists a complex vector bundle η over X such thatr X (η) =ξ, that isξ ∈ Imr X . In particular, if X is a smooth manifold, we say that X admits a stable almost complex structure if T X admits a stable complex structure.
Let U = lim n→∞ U(n) (resp. S O = lim n→∞ S O(n)) be the stable unitary (resp. special orthogonal) group. Denote by Γ = S O/U. Let X q be the q-skeleton of X, and denote by i : X q → X the inclusion map of q-skeleton of X. Suppose that ξ admits a stable complex structure over X q , that is there exists a complex vector bundle η over X q such that i * o (ξ) =r X q (η). Then the obstruction to extending η over the (q + 1)-skeleton of X is denoted by
where
otherwise. (cf. Bott [4] or Massey [12, p.560 
]).
If q ≡ 2 mod 4, that is the coefficient group π q (Γ) = Z, the obstructions o q+1 (η) have been investigated by Massey [12, Theorem I] . For example,
where β : 
where w i = w i (ζ k,n ) and I k,n is the ideal generated by the equations
Hence we get that dim G 3 (R 6 ) = 9, dim G 2 (R 7 ) = 10 and
Let M be an n-dimensional closed oriented smooth manifold. It is a classical topic in geometry and topology to determine the necessary and sufficient conditions for M to admits a stable almost complex structure. These are only known in the case n ≤ 8 (cf. [17] , [9] , [12] , [16] , [11] , [7] , [6] , [18] , etc.). If n = 10, Thomas and Heaps determined these conditions in the case H 1 (M; Z/2) = 0 and w 4 
That is trivial, we will not list them here.
As the second application of Theorem 1, we can get the following result.
From now on, M will be a 10-dimensional closed oriented smooth manifold with no 2-torsion in H i (M; Z), i = 1, 2, 3 and no 3-torsion in H 1 (M; Z). We may also suppose that the Steenrod square
Since H 2 (M; Z) has no 2-torsion, it follows from the universal coefficient theorem that H 3 (M; Z) has no 2-torsion. Hence the mod 2 reduction homomorphism
is surjective by using the long exact Bockstein sequence associated to the coefficient sequence
where ( uniquely determined ) z x is depending on x. One may find that D(M) is a subgroup of H 2 (M; Z) and it does not depend on the choice of c.
Theorem 2. Let M be a 10-dimensional closed oriented smooth manifold with no
is surjective. Then M admits a stable almost complex structure if and only if
holds for every x ∈ D(M). This paper is arranged as follows. Firstly, the Theorem 1 is proved in §2. Then in order to prove the Theorem 2 and the Corollary 1.10 in §4 , we investigated the obstruction to extend complex vector bundles over the (2q −1)-skeleton of X to (2q + 1)-skeleton in §3.
The proof of Theorem 1
Let X be a (8k+i)-dimensional pathwise connected CW-complex, i = 1 or 2. In this section, combining the Bott exact sequence with the Atiyah-Hirzebruch spectral sequence of KO * (X), we give the proof of Theorem 1.
Let BU (resp. BO) be the classifying space of the stable unitary group U (resp. stable orthogonal group O). Since O/U is homotopy equivalent to Ω −6 BO (cf. [4] ), the canonical fibering
gives rise to a long exact sequence of K-groups ( we call it the Bott exact sequence ): 
with the degrees | α |= −1, | x |= −4 and | γ |= −8.
It is well known that the differentials d 2 of the Atiyah-Hirzebruch spectral sequence of KO * (X) are given as follows (see M. Fujii [10, Formula (1.3)] for instance):
otherwise.
Denote by j : X → (X, X 8k ) and i : X 8k → X the inclusions. Then we have the following commutative diagram:
where the horizontal sequence is the long exact sequence of K and KO groups, the vertical sequence is the Bott exact sequence (2.1).
Lemma 2.1. The homomorphismr :
) the inclusions. Then by the naturality of the long exact sequence of K theory, we got the following exact ladder
Therefore, this lemma can be deduced easily from the facts that Proof. In the Atiyah-Hirzebruch spectral sequence, since KO −1 (X, X 8k+1 ) = 0, it follows that
Therefore, by the equation (2.2), the surjectivity of the Steenrod square
is injective. Then it follows from the exactness of the diagram (2.3) that the homomorphism
is a zero homomorphism. So the composition homomorphism
Proof of Theorem 1. Obviously, ξ admits a stable complex structure over X implies that ξ admits a stable complex structure over X 8k .
Conversely, suppose that ξ admits a stable complex structure over X 8k . That is there exists a stable complex vector bundleη implies that ξ admits a stable complex structure over X.
The obstruction for an extension of a vector bundle over
Let X be a pathwise connected CW-complex. In order to prove Theorem 2, in this section, we will investigate the obstruction for an extension of a complex vector bundle over the (2q − 1)-skeleton X 2q−1 of X to the (2q + 1)-skeleton X 2q+1 .
Theorem 3.1. Let X be a pathwise connected CW-complex andη ∈ K(X 2q−1 ) a stable complex vector bundle over X 2q−1 . Denote by ϑ 2q+1 (η) ∈ H 2q+1 (X; Z) the obstruction to extendη to X 2q+1 . Then
Proof. . Denote by i : X 2q−1 → X 2q and j : X 2q → (X 2q , X 2q−1 ) the inclusions. Let f : S 2q → X 2q be the attaching map such that
where the symbol means the disjoint union. Then it follows from K(S 2q−1 ) 0 that we have the following diagram
where ∆ 2q = f * u • j * u and the horizontal and vertical sequences are the long exact sequences of K groups for the pairs (X 2q , X 2q−1 ) and (X 2q+1 , X 2q ) respectively. Therefore, for anyη ∈ K(X 2q−1 ), there must exists a stable complex vector bundlẽ η ′ ∈ K(X 2q ) such that i * u (η ′ ) =η, andη can be extended to X 2q+1 if and only if
Denote by
the suspension which is a isomorphism,
the homomorphisms induced by the maps f and j respectively. It is known that the Chern characters
are all isomorphisms, and the composition homomorphism
is just the cellular coboudary homomorphism
of the cellular cochain complex of X (cf. Atiyah and Hirzebruch [2, pp. 16-18]).
Hence by the equation (3.1), the obstruction
is just the cohomology class represented by
Therefore, it follows from the surjectivity of j Proof. Note that the homomorphism i *
Similarly we can get that Theorem 3.3. Let X be a pathwise connected CW-complex andξ ∈ KO(X 4q−1 ) (resp.γ ∈ KS p(X 4q−1 )) a stable real (resp. symplectic ) vector bundle over X 4q−1 . Denote by ϑ 4q+1 (ξ) ∈ H 4q+1 (X; Z) (resp. ϑ 4q+1 (γ) ∈ H 4q+1 (X; Z)) the obstruction to extendξ (resp.γ) to X 4q+1 . Then
where a q · b q = 2 and a q = 1 for q even and a q = 2 for q odd.
The proof of Theorem 2
In this section, we will take Dessai's strategy, which was used to prove [8, Theorem 1.2], to prove the Theorem 2.
Recall that M is a 10-dimensional closed oriented smooth manifold with no 2-torsion in H i (M; Z), i = 1, 2, 3 and no 3-torsion in H 1 (M; Z). It also satisfying that the Steenrod square
is surjective. Then M is spin c , and we have fixed an element c ∈ H 2 (M; Z) satisfying ρ 2 (c) = w 2 (M) and defined
Denote by i * For any x ∈ D(M), we may choose a class v x ∈ H 6 (M; Z) such that
Since M has the properties as in Lemma 4.1, the results below can be deduced easily by apllying the methods of Dessai in [8] . 
Thenξ admits a stable complex structure if and only if
is integral, so it make sense to take congruent classes modulo 2.
In fact, the congruence (4.1) can be simplified, hence Lemma 4.4 can be restated as follows. Remark 4.7. One may find that the rational number A ξ,x is integral (see the proof of this Theorem below), so it make sense to take congruent classes modulo 2.
Proof. Let F =ξ −l d . Then F is a stable spin vector bundle since w 2 (F) = 0. Therefore, the spin characteristic classes
of F are defined, and they satisfy the following relations (cf. Thomas [15] ) p 1 (F) = 2q 1 (F), ρ 2 (q 1 (F)) = w 4 (F), p 2 (F) = 2q 2 (F) + q 2 1 (F), ρ 2 (q 2 (F)) = w 8 (F).
Since we have the equations below 
